In this paper, we introduce the concept of weakly primary ideals over non-commutative rings. Several results on weakly primary ideals over non-commutative rings are proved. We prove that a right (resp. left) weakly primary ideal P of a ring R that is not right (resp. left) primary satisfies P 2 = 0. We give useful characterization of weakly primary ideals over non-commutative rings with nonzero identities. We prove that every irreducible ideal of a right (resp. left) Noetherian ring R is right (resp. left) weakly primary ideal in R.
Introduction
Recently, extensive researches have been done on prime and primary ideals and submodules. D.D. Anderson and E. Smith [1] defined a proper ideal P of a commutative ring R with identity to be weakly prime if 0 ̸ = ab ∈ P implies a ∈ P or b ∈ P. The concept of weakly primary ideals over commutative rings has been studied by E.E. Atani and F. Farzalipour [2] . They defined a weakly primary ideal as a proper ideal P over a commutative ring R with the property that if 0 ̸ = ab ∈ P, then a ∈ P or b n ∈ P for some positive integer n. The structure of weakly prime ideals over non-commutative rings has been studied by Y. Hirano, E. Poon, and H. Tsutsui in [6] . Also, they investigated the structure of rings, not necessarily commutative nor with identity, in which all ideals are weakly prime. Various properties of weakly primary (weakly prime) subtractive ideals over commutative semirigs have been studied in [3] and [5] . The motivation of this paper is to continue the studying of the family of primary ideals, also to extend the results of Anderson [1] , Atani and Frazalipour [2] , and Hirano, Poon, and Tsutsui [6] to the weakly primary ideals over noncommutative rings.
Throughout this paper, all rings are assumed to be associative with nonzero identities, and all modules are unital. By "an ideal" we mean a 2-sided ideal.
Results and Discussion
We begin by the following two definitions: 
The ideal P is called weakly primary if it is both right and left weakly primary.
Remarks 3.1 (1) The sets A n and B n in the above definitions are not necessarily ideals in a ring R. (2) Clearly every primary ideal of a ring R is weakly primary. However, since 0 is always weakly primary (by definition), a weakly primary ideal need not be primary. Thus the weakly primary ideal concept is a generalization of the concept of primary ideal. (3) It's easy to see that every weakly prime ideal is a weakly primary, however the converse is not in general true. Example 3.1 (1) Let R = Z × Z. The ideal P = 2Z × 0 is a weakly prime ideal of R. However, 4Z × 0 is a weakly primary ideal of R, that is not weakly prime ideal of R. (2) Let R = Z 12 and let P = {0, 6}. Then P neither primary nor weakly primary ideal. Definition 3.3 [8] Let P be a proper ideal of a ring R. Then the set {r ∈ R : every m − system containing r meets P } is an ideal of R called the radical of the ideal P on R denoted by Rad R (P ).
Note:
It is easy to see that Rad R (P ) equals the intersection of all prime ideals of R containing P. Remarks 3.2 (i) Denote the set {r ∈ R : r n ∈ P f or some n ∈ N } by √ P . Then
Rad R (P ) = {r ∈ R : every m − system containing r meets P } ⊆ √ P = {r ∈ R : r n ∈ P f or some n ∈ N }, see [8] .
(ii) If R is a commutative ring, one can check that the inclusion " ⊆ " above is actually an equality.
Theorem 3.4
Let R be a ring and let P be a proper ideal of R.
n ∈ P for some n ∈ I, where I is a finite subset of N. Then P is a right weakly primary ideal of R.
(ii) If for all a, b ∈ R, 0 ̸ = ab ∈ P ⇒ b ∈ P or a n ∈ P for some n ∈ I, where I is a finite subset of N. Then P is a left weakly primary ideal of R.
Proof:(i) Let P be a proper ideal of R and let A and B are ideals of R such that 0 ̸ = AB ⊆ P and A ̸ ⊆ P, then there exists an element a ∈ A − P . And for every element
n ∈ P, for some n ∈ I, where I is a finite subset of N. Now since I is a finite subset of N, let m = max{n :
Therefore P is a right weakly primary ideal of R. (ii) Proceed similar as in (i). Remark 3.3 The converse of Theorem 3.4 is true when R is commutative. To see this, let P be a right weakly primary ideal of R and let a, b ∈ R with 0 ̸ = ab ∈ P, then the principal ideal < ab > is contained in P (by definition). So commutativity of R implies that 0 ̸ =< a >< b >⊆< ab >⊆ P ⇒ < a >⊆ P or < b > n ⊆ P for some n ∈ N. Whence a ∈ P or b n ∈ P for some n ∈ N. Similarly, if P is a left weakly primary ideal of R, then a, b ∈ R, 0 ̸ = ab ∈ P ⇒ b ∈ P or a n ∈ P for some n ∈ N.
Here is a very useful characterization of weakly primary ideals: Proposition 3.5 Let R be a ring and let P be a proper ideal of R.
(i) P is a right weakly primary ideal iff when a, b ∈ R with 0 ̸ = aRb ⊆ P, then a ∈ P or b n ∈ P for some n ∈ I, where I is a finite subset of N. (ii) P is a left weakly primary ideal iff when a, b ∈ R with 0 ̸ = aRb ⊆ P, then b ∈ P or a n ∈ P for some n ∈ I, where I is a finite subset of N. Proof:(i) Let 0 ̸ = aRb ⊆ P, and suppose that a ̸ ∈ P. This yields RaRbR ⊆ RP R ⊆ P since P is an ideal of R. Now 0 ̸ = RaR.RbR ⊆ RaRbR ⊆ P. Let A = RaR and B = RbR. Then 0 ̸ = AB with A ̸ ⊆ P. Since A and B are ideals of R and P is right weakly primary, then for all b ∈ B, b n ∈ P for some n ∈ I, where I is a finite subset of N. The required converse is immediate from Theorem 3.4.
(ii) Proceed similar as in (i). Proposition 3.6 Let R be a ring and let P be a proper ideal of R. (i) If P is a right weakly primary ideal. Then P satisfies the following condition: ∀ a, b ∈ R with 0 ̸ = aRb ⊆ P, then a ∈ P or b n ∈ P for some n ∈ N.
(ii) If P is a left weakly primary ideal. Then P satisfies the following condition: ∀ a, b ∈ R with 0 ̸ = aRb ⊆ P, then b ∈ P or a n ∈ P for some n ∈ N. Proof: Forward by using the proof of Proposition 3.5. Now, the following proposition is easy to prove: Proposition 3.7 Let R be a ring, let P be an ideal of R, and let x ∈ R − √ P . (i) The set (P : xR) = {y ∈ R : xRy ⊆ P } is a right ideal of R containing P.
(ii) The set (P : Rx) = {y ∈ R : yRx ⊆ P } is a left ideal of R containing P. Remark 3.4 If R is a commutative ring with identity and P is an ideal of R, then it is easy to see that ∀ x ∈ R − P, the set (P : x) = {y ∈ R : yx ∈ P } is an ideal of R. Theorem 3.8 Let R be a ring, let P be a proper ideal of R and let x ∈ R− √ P . If P is a right weakly primary ideal of R, then (P : xR) ⊆ √ P ∪ (0 : xR).
Proof:
Assume that P is a right weakly primary ideal of R and let y ∈ (P : xR) with x ̸ ∈ √ P . Then xRy ⊆ P and x n ̸ ∈ P ∀ n ∈ N ⇒ x ̸ ∈ P. If xRy = 0, then y ∈ (0 : xR). If xRy ̸ = 0, then P right weakly primary gives y n ∈ P for some n ∈ N (see Proposition 3.6) Hence y ∈ √ P . Therefore
Similarly the left analogues of Theorem 3.8 can be established. Lemma 3.9(i) Let P be a right weakly primary ideal of a ring R. If P is not a right primary ideal, then P 2 = 0. (ii) Let P be a left weakly primary ideal of a ring R. If P is not a left primary ideal, then P 2 = 0. Proof:(i) Suppose that P 2 ̸ = 0; we want to show that P is a right primary ideal of R. Let a, b ∈ R such that aRb ⊆ P. If aRb ̸ = 0, then a ∈ P or b n ∈ P for some n ∈ N (by Proposition 3.5.) So assume that aRb = 0. If 0 ̸ = aP ⊆ P, then there is an element d of P such that ad ̸ = 0. Hence
n ∈ P for some n ∈ N ⇒ a ∈ P or b n ∈ P for some n ∈ N. Therefore P is a right primary ideal. Now we can assume that aP = 0. If P b ̸ = 0, then there exists u ∈ P such that ub ̸ = 0. Now 0 ̸ = uRb = (u + a)Rb ⊆ P. So a ∈ P or b n ∈ P for some n ∈ N and hence P is a right primary ideal. Thus we can assume that P b = 0. Since P 2 ̸ = 0, there are elements e, f ∈ P such that ef ̸ = 0. Then 0 ̸ = eRf = (a + e)R(b + f ) ⊆ P, so either a ∈ P or b n ∈ P for some n ∈ N and hence P is a right primary ideal.
(ii) Proceed similar as in (i). Corollary 3.10(i) If P is a right weakly primary ideal of a ring R that is not right primary then √ P = √ 0. (ii) If P is a left weakly primary ideal of a ring R that is not left primary then √ P = √ 0. Proof:(i) Assume that P is a right weakly primary ideal that is not right primary over the ring R, then it is clear that √ 0 ⊆ √ P . Now by Lemma 3.9,
(ii) Proceed similar as in (i).
In general the intersection of a family of right (resp. left) primary ideals is not right (resp. left) primary, but we have the following result: Theorem 3.11(i) Let {P i } i∈ I be a family of right weakly primary ideals of a ring R that are not right primary. Then ∩ i∈ I P i is a right weakly primary ideal of R.
(ii) Let {P i } i∈ I be a family of left weakly primary ideals of a ring R that are not left primary. Then ∩ i∈ I P i is a left weakly primary ideal of R. Proof:(i) Assume that P i is a right weakly primary ideal of R that is not right primary ∀ i ∈ I. First, want to show that
For the other inclusion, suppose that r ∈
, and hence r ∈ √ ∩ i∈ I P i . Now
Then there exists an element j ∈ I such that a ̸ ∈ P j and aRb ⊆ P j . It follows that
i∈ I P i for some n ∈ N and hence ∩ i∈ I P i is a right weakly primary ideal of R.
(ii) Proceed similar as in (i). Next, we state and prove a version of Nakayama's Lemma. Theorem 3.12 Let P be a right weakly primary ideal of a ring R that is not right primary. Then the following hold:
(ii) If A is a right R−module and AP = A, then A = 0. (iii) If A is a right R−module and N is a submodule of A such that AP +N = A, then A = N . Proof:(i) Let a ∈ P. We may assume that a ̸ = 0. It is sufficient to show that ba + 1 is a unit of R for every b ∈ R. Since P is a right weakly primary ideal that is not right primary over R, so P 2 = 0, (by Lemma 3.9)
(ii) Since AP = A and P 2 = 0 (by Lemma 3.9), we have 0
Similarly the left analogues of Theorem 3.12 can be established. In the following proposition, we investigate the structure of rings, not necessarily commutative in which all proper ideals are right (or left) weakly primary. 
(ii) Proceed similar as in (i). Notation: We denote R n× n = {[a ij ] : a ij ∈ R}, the set of n × n matrices over a ring R. Under addition and multiplication of matrices, R n× n forms a non-commutative ring with identity. A is an ideal in R n× n if and only if A = P n× n , the set of n × n matrices over an ideal P in R. Proposition 3.14 Let R be a ring, let P be a proper ideal of R. (i) If P n× n is a right weakly primary ideal of R n× n , then P is a right weakly primary ideal of R.
(ii) If P n× n is a left weakly primary ideal of R n× n , then P is a left weakly primary ideal of R. Proof:(i) Let a, b ∈ R such that 0 ̸ = aRb ⊆ P. As aE 11 ∈ R n× n and bE 11 ∈ R n× n , where E ij is the matrix in R n× n with e ij = 1 and 0 otherwise. Then 0 ̸ = aE 11 R n× n bE 11 ⊆ P n× n . Hence aE 11 ∈ P n× n or (bE 11 ) m ∈ P n× n for some m ∈ I, I is a finite subset of N, by Proposition 3.5. Now a ∈ P or b m ∈ P for some m ∈ I, I is a finite subset of N. Therefore P is a right weakly primary ideal of R.
(ii) Proceed similar as in (i). Example 3.2 Let R = (Z, +, .) and consider the ring
Hence T is not a weakly primary ideal of H. Theorem 3.15(i) Let R be a right Noetherian ring. Then every irreducible ideal of R is right weakly primary ideal in R.
(ii) Let R be a left Noetherian ring. Then every irreducible ideal of R is left weakly primary ideal in R. Proof:(i) Let P be an irreducible ideal of R, and let a, b ∈ R with 0 ̸ = aRb ⊆ P. Clearly (P :
chain of ideals in R, where (P : b) = {r ∈ R : br ∈ P } is an ideal in R. Thus there exists n ≥ 1 such that (P : b n ) = (P : b k ) for all k ≥ n. Let A = P + aR and B = P + b n R, n ∈ I, I is a finite subset of N. We claim that A ∩ B = P .
. Then x = a 1 + ar 1 and x = a 2 + b n r 2 for some a 1 , a 2 ∈ P and r 1 , r 2 ∈ R. It can shown easily that if y ∈ P then b t y ∈ P ∀ t ≥ 1. Now b n+1 x = b n+1 a 1 + b n+1 ar 1 = b n+1 a 1 + b n bar 1 ∈ P. Thus b n+1 a 2 + b n+1+n r 2 = b n+1 (a 2 + b n r 2 ) = b n+1 x ∈ P. Also b n+1 a 2 ∈ P. Hence b n+1+n r 2 ∈ P. Therefore r 2 ∈ (P : b n+n+1 ) = (P : b n ). Therefore b n r 2 ∈ P. Thus x = a 2 + b n r 2 ∈ P. Now A ∩ B = P . Thus A = B or B = P since P is irreducible ideal. Hence a ∈ P or b n ∈ P for some n ∈ I, I is a finite subset of N. Hence P is right weakly primary ideal in R.
(ii) Proceed similar as in (i). Proposition 3.16 Let I ⊆ P be proper ideals of a ring R. (i) If P is a right weakly primary ideal, then P/I is a right weakly primary ideal.
(ii) If P is a left weakly primary ideal, then P/I is a left weakly primary ideal. Proof:(i) Assume that P is a right weakly primary ideal of R and let 0 ̸ = (a+I)R(b+I) ⊆ P/I, where a, b ∈ R. Since (a+I)R(b+I) = aRb+I ⊆ P/I, then aRb ⊆ P. If aRb = 0, then (a + I)R(b + I) = I, a contradiction. So if P is a right weakly primary ideal of R, then by Proposition 3.5, a ∈ P or b n ∈ P for some n ∈ I, where I is a finite subset of N. Hence (a + I) ∈ P/I or (b n + I) = (b + I) n ∈ P/I for some n ∈ I, where I is a finite subset of N. Therefore P/I is a right weakly primary ideal.
